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between meter fees and time restrictionsUhjxodwlqj xuedq sdunlqj vsdfh= wkh fkrlfh
ehwzhhq phwhu ihhv dqg wlph uhvwulfwlrqv￿




Rq0vwuhhw xuedq sdunlqj vsdfhv duh w|slfdoo| uhjxodwhg e| hlwkhu d ph0
whu ihh ru d wlph uhvwulfwlrq1 Wklv sdshu vkrzv wkdw/ zkhq wkh r￿0vwuhhw
sdunlqj pdunhw lv shuihfwo| frpshwlwlyh/ phwhu ihhv duh pruh h!flhqw wkdq
wlph uhvwulfwlrqv1 Zkhq rq0vwuhhw sdunlqj lv iuhh/ doehlw vxemhfw wr d wlph
uhvwulfwlrq/ wrr pdq| gulyhuv fkrrvh wr hqjdjh lq vrfldoo| zdvwhixo vhdufk0
lqj iru rq0vwuhhw vsdfhv1 Lq frqwudvw/ zlwk d phwhu ihh/ wkh uhodwlyh ehqh￿w
ri sdunlqj rq0vwuhhw lv uhgxfhg/ dqg wrwdo vhdufk frvwv fdq eh plqlplvhg1
D olqhdu phwhu ihh vwuxfwxuh lv vkrzq wr eh rswlpdo1
D vlpsoh srolf| suhvfulswlrq lv dovr sursrvhg1 Vhw rq0vwuhhw phwhu
ihhv htxdo wr r￿0vwuhhw sdunlqj ihhv1 Ilqdoo|/ d vlpsoh qxphulfdo prgho
fdoleudwhg wr fhqwudo Orqgrq vxjjhvwv wkdw wkh xvh ri rswlpdo phwhu ihhv
lqfuhdvhv sdunlqj zhoiduh e| durxqg 8( ryhu dq rswlpdo wlph uhvwulfwlrq1
4 Lqwurgxfwlrq
Srolwlfldqv pd| suhihu wr uhjxodwh d pdunhw yld d txdqwlw| frqwuro udwkhu wkdq
d sulfh frqwuro1 Xqghu d txdqwlw| frqwuro/ d frqvxphu fdq xvh wkh pdunhw iru
iuhh/ zkloh xqghu sulfh uhjxodwlrq/ vkh pxvw sd| d wd{1 Lq vhhnlqj hohfwlrq/
srolwlfldqv pd| eh vhqvlwlyh wr wkh gdqjhu wkdw d wd{ lv shufhlyhg e| wkh yrwhu dv
d uhvrxufh frvw udwkhu wkdq d wudqvihu1 Wklvfkrlfh ri lqvwuxphqw lv uhohydqw wr wkh
xuedq sdunlqj pdunhw1 Xuedq dxwkrulwlhv pxvw fkrrvh ehwzhhq uhjxodwlrq ri rq0
vwuhhw vsdfh yld sulfhv +d phwhu ihh, ru yld txdqwlw| frqwurov +d wlph uhvwulfwlrq,1
Vwdqgdug wkhru| vxjjhvwv wkdw wkh fkrlfh ri lqvwuxphqw +lq wkh suhvhqfh ri oxps0
vxp wd{hv dqg shuihfw lqirupdwlrq rq ehqh￿w dqg frvw fxuyhv, grhv qrw pdwwhu1
Srolwlfldqv pd| wkhq rsw iru wlph uhvwulfwlrqv lq wkh krsh ri juhdwhu srsxodulw|1
Zh vkrz wkdw wkh fkrlfh ri lqvwuxphqw lq wkh sdunlqj pdunhw grhv pdwwhu1
Ixuwkhupruh/ uhvlghqwv duh ehwwhu r￿ li wkh srolwlfldq dgrswv phwhu ihhv +dqg
WHduolhu yhuvlrqv ri wklv sdshu kdyh ehhq suhvhqwhg dw wkh zrunvkrs *Wkh srolwlfv ri sulflqj*/
YDWW/ Khovlqnl/ 4<053|￿ Dxjxvw 4<<</ dqg dw d grfwrudo zrunvkrs rq sxeolf hfrqrplfv dw
FRUH/ Xqlyhuvlw￿ Fdwkroltxh gh Orxydlq/ 56o_ Pd| 53331 Zh zrxog olnh wr wkdqn erwk vhwv
ri sduwlflsdqwv iru xvhixo frpphqwv1
4kdqgv edfn wkh uhyhqxhv, udwkhu wkdq wlph uhvwulfwlrqv1 Frqvlghu gulyhuv duulylqj
lq wkh flw| fhqwuh dw udqgrp gxulqj wkh shdn shulrg1 Hdfk gulyhu pxvw fkrrvh
ehwzhhq vhdufklqj iru dq rq0vwuhhw sdunlqj vsrw ru gulylqj gluhfwo| wr d sulydwho|0
rshudwhg r￿0vwuhhw sdunlqj frpsoh{1 Li rq0vwuhhw sdunlqj lv iuhh/ doehlw vxemhfw
wr d wlph uhvwulfwlrq/ zklovw wkh r￿0vwuhhw frpsoh{ lv vxemhfw wr d ihh/ pdq|
gulyhuv zloo hqjdjh lq vrfldoo|0zdvwhixo vhdufklqj dfwlylwlhv iru dq rq0vwuhhw vsdfh1
Lq frqwudvw/ dq rq0vwuhhw phwhu ihh uhgxfhv wkh uhodwlyh dwwudfwlrq ri rq0vwuhhw
sdunlqj dqg uhvxowv lq vpdoohu wrwdo vhdufk frvwv1
Wklv vlpsoh srlqw kdv qrw ehhq pdgh lq wkh olwhudwxuh1 Lqghhg/ lw lv vxusulv0
lqj krz ihz sdshuv kdyh ehhq zulwwhq rq sdunlqj/ hvshfldoo| jlyhq wkh p|uldg
ri gl￿hulqj srolflhv dgrswhg e| gl￿huhqw xuedq dxwkrulwlhv ryhu wlph1 Vrph dx0
wkruv frqfhqwudwh rq wkh xvh ri sdunlqj sulflqj dv d phdqv wr fkdujh iru urdg
frqjhvwlrq h{whuqdolwlhv1 Jod}hu dqg Qlvndqhq ^;‘ vkrz wkdw udlvlqj sdunlqj
sulfhv/ e| ghwhuulqj wulsv wr wkh flw| fhqwuh/ pd| mxvw hqfrxudjh pruh wkurxjk0
wud!f1 Fdowkurs/ Surrvw dqg Ydq Ghqghu ^8‘ xvh d qxphulfdo vlpxodwlrq prgho ri
Euxvvhov wr vkrz wkdw vhfrqg0ehvw sulflqj ri doo sdunlqj vsdfhv surgxfhv kljkhu
zhoiduh jdlqv wkdq d vlqjoh0ulqj frugrq vfkhph1 Yhukrhi/ Qlmndps dqg Ulhwyhog
^44‘ pdnh d jhqhudo fdvh iru xvlqj sdunlqj ihhv udwkhu wkdq vxsso| frqvwudlqwv
wr lqwhuqdol}h wkh h{whuqdo frvwv ri urdg wudqvsruw1
Zh duh dzduh ri rqo| wkuhh sdshuv wkdw lqyhvwljdwh wkh ￿uvw0ehvw uhjxodwlrq ri
rq0vwuhhw sdunlqj1 Ylfnuh| ^45‘ pdnhv wkh fdvh/ lq d qrq0irupdo sdshu/ iru shdn0
ordg sulflqj ri rq0vwuhhw vsdfh1 Kh vxjjhvwv d uxoh lq zklfk wkh sulfh ri uhpdlqlqj
rq0vwuhhw vsrwv lv d ixqfwlrq ri wkh qxpehu ri uhpdlqlqj xqxvhg vsdfhv1 Duqrww/
gh Sdopd/ dqg Olqgvh| ^4‘ ghprqvwudwh wkdw d vsdwldoo| gl￿huhqwldwhg sdunlqj
ihh fdq uhgxfh wrwdo wudyho frvwv lq d erwwohqhfn frqjhvwlrq prgho1
D uhfhqw sdshu e| Duqrww dqg Urzvh ^5‘ dgrswv dq h{solflw uhsuhvhqwdwlrq
ri wkh vwrfkdvwlflw| ri ydfdqw rq0vwuhhw sdunlqj vsdfhv1 Gulyhuv ghflgh xsrq
zklfk wulsv wr pdnh/ zkhwkhu wr zdon ru gulyh/ dqg/ li gulylqj/ wkh glvwdqfh
iurp wkhlu ghvwlqdwlrq dw zklfk wr vwduw vhdufklqj iru d ydfdqw vsdfh1 Wkh
prgho grhv qrw frqvlghu wkh r￿0vwuhhw pdunhw qru wkh xvh ri wlph uhvwulfwlrqv1
Wkh fhqwudo srolf| uhfrpphqgdwlrq hphujlqj iurp wkh prgho lv wkdw shu wlph
xqlw sdunlqj ihhv vkrxog eh vhw htxdo wr wkh ydoxh ri wkh sdunlqj frqjhvwlrq
h{whuqdolw|= e| sdunlqj iru dq dgglwlrqdo xqlw ri wlph/ d gulyhu uhgxfhv wkh
phdq ghqvlw| ri ydfdqw vsdfhv dqg lpsrvhv dgglwlrqdo wudyho wlph frvwv rq doo
rwkhu gulyhuv1 Krzhyhu/ wkh prgho h{klelwv pxowlsoh vwdeoh htxloleuld/ zklfk fdq
eh Sduhwr0udqnhg/ exw suhyhqw wkh srolf| pdnhu iurp ehlqj deoh wr dfklhyh wkh
joredoo| vxshulru htxloleulxp zlwk fhuwdlqw|1 Pruhryhu/ wkh dxwkruv vxjjhvw wkdw
wklv uhvxow vwhpv iurp wkh lqkhuhqw frpsoh{lw| lqgxfhg iurp xqfhuwdlqw| lq wkh
sdunlqj pdunhw1
Zh dgrsw d pxfk vlpsohu uhgxfhg0irup uhsuhvhqwdwlrq ri vhdufk frvwv1 Do0
wkrxjk wklv odfnv vrph ri wkh vrsklvwlfdwlrq fdswxuhg e| Duqrww dqg Urzvh/ lw
frqwdlqv wkh vdph edvlf phfkdqlvp= lqfuhdvlqj rq0vwuhhw ihhv uhgxfhv wkh dy0
hudjh gxudwlrq ri vwd|/ wkxv lqfuhdvlqj wkh phdq ghqvlw| ri ydfdqw vsdfhv dqg
uhgxflqj wkh xqghvludeoh wudyho frvwv iurp vhdufklqj1 Ixuwkhupruh/ zh lqwhjudwh
wkh sulydwh r￿0vwuhhw pdunhw lqwr rxu prgho/ zklfk dowhuv wkh zhoiduh phvvdjh
iru h!flhqw rq0vwuhhw sulflqj srolf|1 Zh dovr dqdo|vh d frpprqo|0xvhg dowhu0
5qdwlyh wr phwhu ihhv/ qdpho| wlph uhvwulfwlrqv1 Zkhq wkh r￿0vwuhhw pdunhw lv
frpshwlwlyh/ zh vkrz wkdw rq0vwuhhw phwhu ihhv duh pruh h!flhqw wkdq wlph uh0
vwulfwlrqv1 Zh dovr vxjjhvw d vlpsoh srolf| suhvfulswlrq= vhw phwhu ihhv htxdo wr
wkh r￿0vwuhhw sulfh1
Vhfwlrq 5 lqwurgxfhv rxu vlpsoh prgho ri sdunlqj1 Vhfwlrq 6 ghulyhv wkh fhq0
wudol}hg vroxwlrq/ zkloh vhfwlrq 8 vkrzv wkdw phwhu ihhv fdq eh xvhg wr shuihfwo|
ghfhqwudol}h wkh rswlpdo doorfdwlrq1 Wlph uhvwulfwlrqv/ rq wkh rwkhu kdqg/ idlo
wr gr vr1 Wkh dqdo|wlfdo uhvxowv ri wkh sdshu duh kljkoljkwhg zlwk d qxphulfdo
h{dpsoh edvhg rq sxeolvkhg gdwd iru fhqwudo Orqgrq/ lqwurgxfhg lq vhfwlrq 71
Vhfwlrq 9 frqfoxghv dqg hpskdvl}hv vrph gluhfwlrqv ri ixuwkhu zrun1
5 D vlpsoh prgho ri xuedq sdunlqj
D ￿{hg qxpehu/ Q/ ri lghqwlfdo ulvn0qhxwudo gulyhuv zlvk wr sdun gxulqj wkh shdn
shulrg lq dq xuedq fhqwuh1 Hdfk gulyhu kdv d ghpdqg fxuyh/ ru zloolqjqhvv0wr0
sd|/ iru sdunlqj wlph jlyhq e| ￿ ￿ ￿t/ zkhuh t ghqrwhv wkh txdqwlw| ri wlph
frqvxphg1 Sdunlqj vsdfhv duh surylghg rq wzr vhsdudwh pdunhwv1 D ￿{hg qxp0
ehu ri vsdfhv duh suhvhqw rq0vwuhhw +pdunhw {,1 Wkh ￿{hg vxsso| ri shdn0shulrg
krxuv ri rq0vwuhhw sdunlqj lv jlyhq e| T{1 Jryhuqphqw uhjxodwhv wkhvh vsdfhv
yld hlwkhu d shu0wlph0xqlw phwhu ihh ru d wlph uhvwulfwlrq1 Zh dvvxph shuihfw
frvwohvv hqirufhphqw ri wkhvh uhjxodwlrqv= zh frpphqw rq wklv dvvxpswlrq ixu0
wkhu lq vhfwlrq 91 Wkh rssruwxqlw| frvw ri wkh rq0vwuhhw vsrwv lv dvvxphg wr eh
}hur1 Lq frqwudvw/ wkh sulydwh pdunhw surylghv r￿0vwuhhw vsdfhv +pdunhw |, xqghu
frqglwlrqv ri shuihfw frpshwlwlrq dw d shu0wlph xqlw frvw ri F41 Ilqdoo|/ lw lv
dvvxphg wkdw frqvxphuv duh lqgl￿huhqw ehwzhhq sdunlqj rq0 ru r￿0vwuhhw51
Wkh sulfh iru hlwkhu pdunhw shu wlph xqlw sdunhg lv ghqrwhg e| sl +l @ {>|,/
dqg wkh uhvxowlqj wlph frqvxphg lv jlyhq e| wl+sl, @ +￿ ￿ sl,@￿1 D edvlf
udwlrqlqj sureohp dulvhv li wkh ￿{hg rq0vwuhhw vxsso| lv lqvx!flhqw wr phhw
ghpdqg +dw d }hur sulfh,= Qw{+3, @ Q￿@￿AT {1
Lq dgglwlrq wr fkrrvlqj krz orqj wr sdun/ hdfk gulyhu pxvw fkrrvh zkhwkhu
wr vhdufk iru d vsdfh rq wkh rq0vwuhhw pdunhw ru xvh wkh r￿0vwuhhw pdunhw1 Wkh
dvvxphg vsdwldo od|rxw ri wkh sureohp lv vkrzq lq Iljxuh 4 1 D gulyhu dssurdfkhv
wkh xuedq duhd iurp srlqw r/ dqg pxvw ghflgh zkhwkhu wr wxuq ohiw dqg surfhhg
wrzdugv wkh rq0vwuhhw sdunlqj duhd { ru wxuq uljkw wr wkh r￿0vwuhhw duhd |1 Wudyho
4Rq0vwuhhw sdunlqj vsrwv xvxdoo| wdnh xs urdg vsdfh/ dqg dv vxfk kdyh d srvlwlyh rssru0
wxqlw| frvw1 Krzhyhu/ zh dujxh wkdw vrph rq0vwuhhw sdunlqj vsrwv fdqqrw eh frqyhuwhg lqwr
dgglwlrqdo urdg0vsdfh lq wkh vkruw whup h1j1 d vpdoo vwuhwfk ri urdg ehwzhhq wzr pdmru mxqf0
wlrqv1 Wkhq wkh dujxphqwv lq wklv sdshu zrxog krog iru wkrvh vsdfhv dorqh1 Vhfrqgo|/ hyhq li
doo vsdfhv kdg d srvlwlyh rssruwxqlw| frvw/ vlplodu dujxphqwv zrxog krog dv orqj dv wklv zdv
ohvv wkdq wkh rssruwxqlw| frvw ri r￿0vwuhhw odqg/ zklfk vhhpv olnho|1
5Li h{shfwhg frqvxphu vxusoxv iurp xvlqj hlwkhu w|sh ri pdunhw lv htxdo/ zh dvvxph wkdw
gulyhuv suhihu wr xvh wkh rq0vwuhhw pdunhw1 Wklv lv mxvw d uhvroxwlrq ri dq lqhtxdolw| dqg ri
qr vljql￿fdqfh lq zkdw iroorzv1 Wkh prgho fdq dovr eh xvhg wr h{dplqh wkh fdvh wkdw rq
vwuhhw vsrwv duh suhihuhg wr r￿0vwuhhw ru ylfh0yhuvd1 Jlyhq lghqwlfdo frqvxphuv/ wklv dprxqwv
wr dgglqj d ￿{hg frvw wr wkh xvh ri rqh ru rwkhu pdunhw1 Doo h{suhvvlrqv ehorz zrxog kdyh wr





Iljxuh 4= Wkh vsdwldo od|rxw
frvwv iurp r wr { dqg iurp r wr | duh lghqwlfdo dqg lqghshqghqw ri wkh qxpehu
ri xvhuv l1h1 wkhuh lv qr urdg frqjhvwlrq1
Li vkh ghflghv wr surfhhg gluhfwo| wr wkh rq0vwuhhw duhd/ {/ exw idlov wr ￿qg
dq dydlodeoh vsrw/ vkh pxvw uhwxuq wr wkh r￿0vwuhhw duhd |1 Lq grlqj vr/ krzhyhu/
vkh lqfxuv d ￿{hg gulylqj frvw shqdow| jlyhq e| g1 Wklv irupxodwlrq lv d uhgxfhg
irup uhsuhvhqwdwlrq ri d pruh frpsoh{ vsdwldo prgho ri sdunlqj vhdufk frvwv1
Wkh prgho fdswxuhv lq d vlpsoh zd| dq lpsruwdqw uhodwlrqvkls= ehwwhu udwlrqlqj
ri wkh rq0vwuhhw pdunhw zloo uhgxfh wkh qhhg iru vrfldoo| lqh!flhqw vhdufk2gulyh
frvwv61
6 Fhqwudol}hg vroxwlrq
Vxssrvh wkdw jryhuqphqw frxog gluhfw lqglylgxdo gulyhuv wr xvh d sduwlfxodu vsrw
iru d sduwlfxodu ohqjwk ri wlph +dqg wkdw wkhuh duh qr rwkhu glvwruwlrqv lq wkh
hfrqrp|,1 Wkh jryhuqphqw*v sureohp lv wr pd{lpl}h vrfldo zhoiduh/ Z/ jlyhq
6Wklv lv dovr wkh fdvh lq Duqrww dqg Urzvh ^5‘ lq zklfk wkh h{shfwhg fuxvh glvwdqfh wr ￿qg
d vsdfh lv jlyhq e| ￿*￿ zkhuh ￿ jlyhv wkh dyhudjh ghqvlw| ri ydfdqw vsdfhv1
Krzhyhu/ lq dgglwlrq/ frqvlghu d gulyhu vhdufklqj iru d ydfdqw vsdfh dprqjvw ~ vsdfhv
glvwulexwhg htxdoo| dw 6 phwuhv dsduw1 Vkh ehjlqv dw wkh r￿0vwuhhw idflolw|1 Ixuwkhu wkh urdg
lv flufxodu/ vr wkdw diwhu vhdufklqj doo ~ vsdfhv vkh uhwxuqv wr wkh r￿0vwuhhw idflolw|1 Iru d







li wkh gulyhu grhv qrw wxuq edfn +shukdsv gxh wr d rqh0zd| v|vwhp,1 Lw fdq eh vkrzq wkdw
iru odujh qxpehu ri vsdfhv/ wkh h{shfwhg gulylqj frvwv idoov dv wkh suredelolw| ri d vsrw ehlqj
ydfdqw ulvhv1 Wklv lv wkh uhodwlrqvkls wkdw lv fdswxuhg lq d uhgxfhg irup pdqqhu yld wkh
sdudphwhu _1
7e| wkh iroorzlqj ixqfwlrq zlwk uhvshfw wr ohqjwk ri vwd| dqg qxpehu ri xvhuv rq
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zkhuh wkh h{suhvvlrqv lq eudfnhwv diwhu wkh ￿uvw wzr frqvwudlqwv jlyh wkh uh0
vshfwlyh pxowlsolhuv1 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wkh vroxwlrq wr
wkh qrq0olqhdu surjudpph +4, duh jlyhq e| wkh vwdqgdug Nxkq0Wxfnhu frqgl0
wlrqv71
Wkh rswlpdo gxudwlrq ri vwd| rq wkh r￿0vwuhhw pdunhw/ +zkhq ghpdqg lv
srvlwlyh,/ lv htxdo wr wkdw lqgxfhg e| fkdujlqj d shu wlph xqlw sulfh htxdo wr
wkh uhvrxufh frvw/ F/l 1 h 1 w￿
| @ ￿￿F
￿ 1 Dvvxplqj Q{ dqg w{ duh srvlwlyh/ wkh







Vxevwlwxwlqj wklv lqirupdwlrq lqwr wkh frpsohphqwdu| vodfnqhvv frqglwlrq
iru wkh qxpehu ri xvhuv ri wkh { pdunhw/ jlyhv wkh iroorzlqj frqglwlrqv=
%
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&
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|4 +T{ ￿ Q{w{, @3 +6e,
|5 +Q ￿ Q{, @3 +6f,
Wkuhh gl￿huhqw vroxwlrqv h{lvw ghshqglqj rq wkh uhodwlyh vl}h ri rq0vwuhhw




Lq wklv fdvh/ rq0vwuhhw vxsso| lv yhu| odujh dqg wkhuh lv qr udwlrqlqj sureohp1
Rq0vwuhhw vxsso| lv odujhu wkdq sdunlqj ghpdqg dw d }hur sulfh1 Wkh r￿0vwuhhw
pdunhw lv qrw xvhg1 Gulyhuv pd| sdun iru dv orqj dv wkh| zlvk1 Wklv lv vhhq
irupdoo| e| qrwlflqj wkdw |￿
4 @ 3 iurp frqglwlrq 6e/ dqg khqfh |￿
5 A 3 iurp
frqglwlrq 6d/ dqg Q￿
{ @ Q iurp frqglwlrq 6f1
7Wkh frqvwudlqwv duh olqhdu/ wkxv dxwrpdwlfdoo| vdwlvi|lqj frqvwudlqw txdol￿fdwlrq1 Ixuwkhu/
lw lv vwudljkwiruzdug wr vkrz wkdw ‘E￿￿ lv vwulfwo| frqfdyh dqg wkxv vdwlv￿hv vx!flhqf|1
8￿ Q ￿￿F
￿ ￿ T{ ￿ Q ￿
￿
Xqghu wklv frqglwlrq/ rq0vwuhhw vxsso| lv wrr vpdoo wr phhw sdunlqj ghpdqg
dw d }hur sulfh1 Krzhyhu/ lw lv odujh hqrxjk wr phhw doo ghpdqg dw wkh h!flhqw
r￿0vwuhhw sulfh/ F1 Wkh rswlpdo vroxwlrq mxvw glylghv xs wkh dydlodeoh rq0vwuhhw
vxsso| htxdoo| dprqjvw doo gulyhuv1 Qr0rqh xvhv wkh r￿0vwuhhw pdunhw1 Wklv
fdq eh vhhq irupdoo| e| qrwlflqj wkdw zkhq |￿




Q{1 Wklv fdq eh xvhg zlwk htxdwlrq 5 wr vroyh iru |￿
4/ zklfk zkhq xvhg lq
frqglwlrq 6d lpsolhv wkdw |￿
5 A 3 dqg Q￿
{ @ Q1 Frqglwlrq 6d dovr vkrzv wkdw
wkh rswlpdo vkdgrz frvw ri rq0vwuhhw vxsso|/ |￿
4/ lv vpdoohu wkdq wkh rssruwxqlw|
frvw ri r￿0vwuhhw vxsso|/ F1
￿ Q ￿￿F
￿ A T{
Li rq0vwuhhw vxsso| lv uhodwlyho| vpdoo frpsduhg wr ghpdqg/ sduwlfxoduo| vxfk
wkdw ghpdqg dw wkh h!flhqw r￿0vwuhhw sulfh fdqqrw eh phw e| rq0vwuhhw ghpdqg/




Ixuwkhu/ rqo| d iudfwlrq ri gulyhuv xvh wkh rq0vwuhhw pdunhw/ wkh uhvw xvlqj wkh
r￿0vwuhhw pdunhw1 Wklv fdq eh vhhq wr eh rswlpdo e| dvvxplqj wkdw Q{ ?Q /
vr wkdw |￿
5 @ 3 iurp frqglwlrq 6f/ zklfk lq wxuq lpsolhv iurp frqglwlrq 6d
wkdw |￿
4 @ F/ dqg khqfh iurp 5 wkdw w￿
{ @ ￿￿F





Wkh wklug fdvh/ zh dujxh/ lv wkh prvw uhdolvwlf iru odujh phwursrolwdq duhdv lq
Hxursh1 Ghpdqg iru sdunlqj dqg wkh uhvrxufh frvw ri xuedq odqg duh uhodwlyho|
kljk/ zkloh wkh qxpehu ri rq0vwuhhw sdunlqj vsrwv lv uhodwlyho| orz1 Wkh gdwd
iru fhqwudo Orqgrq xvhg lq wkh qxphulfdo h{dpsoh vxssruwv wkh dwwhqwlrq wr wkh
wklug fdvh1 Zh dvvxph wkdw wklv frqglwlrq krogv khqfhiruwk1
Frqvlghu wkh lqwxlwlrq iru wkh uhvxow xqghu wkh wklug fdvh1 Wkh rswlpdo ohqjwk
ri vwd| lv htxdo dfurvv erwk pdunhwv dqg htxdo wr wkh vwd| lqgxfhg e| fkdujlqj
iru wkh uhvrxufh frvw ri r￿0vwuhhw sdunlqj1 Frqvlghu/ lqvwhdg/ wkh vlwxdwlrq lq
zklfk gulyhuv xvlqj wkh r￿0vwuhhw pdunhw sdunhg iru wkh rswlpdo ohqjwk ri wlph/
w￿
|/ zklovw rq0vwuhhw sdunhuv duh lqgxfhg wr vwd| iru d vkruwhu wlph1 Pruh gulyhuv
fdq xvh wkh rq0vwuhhw vsdfhv wkdq xqghu wkh rswlpdo doorfdwlrq1 Qrz doorz rq0
vwuhhw sdunhuv wr sdun iru d pdujlqdoo| orqjhu shulrg ri wlph/ vxfk wkdw rqh gulyhu
pxvw wudqvihu wr wkh r￿0vwuhhw pdunhw1 Hdfk uhpdlqlqj rq0vwuhhw sdunhu fdq qrz
sdun iru d orqjhu shulrg/ dqg khqfh wkhlu zhoiduh lqfuhdvhv1 Ixuwkhupruh/ wkh
gulyhu wkdw vzlwfkhv wr wkh r￿0vwuhhw pdunhw fdq dovr sdun iru orqjhu1 Wkh rwkhu
r￿0vwuhhw sdunhuv duh xqd￿hfwhg1 Vrfldo zhoiduh kdv lqfuhdvhg1 Wklv uhdvrqlqj
dssolhv dv orqj dv wkh gxudwlrq ri vwd| shuplwwhg rq0vwuhhw lv ohvv wkdq ru htxdo
wr wkdw r￿0vwuhhw1
Qrz frqvlghu wkh uhyhuvh fdvh1 R￿0vwuhhw sdunhuv sdun iru w￿
| xqlwv ri wlph1
Rq0vwuhhw sdunhuv/ krzhyhu/ sdun iru pxfk orqjhu/ vxfk wkdw rqo| uhodwlyho|
ihz gulyhuv fdq xvh wkh rq0vwuhhw pdunhw frpsduhg zlwk wkh rswlpdo doorfdwlrq1
Frqvlghu pdujlqdoo| uhgxflqj wkh ohqjwk ri vwd| rq0vwuhhw/ vxfk wkdw rqh gulyhu
fdq wudqvihu iurp wkh r￿0vwuhhw wr wkh rq0vwuhhw pdunhw1 Wkh frqvxphu vxusoxv
ri wkh ruljlqdo rq0vwuhhw gulyhuv idoov/ dv hdfk gulyhu sdunv iru d vkruwhu gxudwlrq1
9Krzhyhu/ jlyhq grzqzdug0vorslqj ghpdqg fxuyhv/ wkh jdlq lq frqvxphu vxusoxv
wr wkh gulyhu wkdw wudqvihuv iurp wkh r￿0 wr wkh rq0vwuhhw pdunhw lv odujh hqrxjk
wr rxwzhljk wkh orvvhv wr wkh ruljlqdo rq0vwuhhw sdunhuv1 Vrfldo zhoiduh lqfuhdvhv1
Wklv frqwlqxhv xqwlo rq0vwuhhw sdunlqj wlph lv uhvwulfwhg wr htxdo r￿0vwuhhw1
Zh kdyh uhvwulfwhg dwwhqwlrq wr wkh wklug fdvh1 Wkh ￿uvw fdvh vhhpv kljko|
xquhdolvwlf/ dqg/ lq dq| hyhqw/ grhv qrw uhtxluh dq| srolf| uhvsrqvh1 Wkh vhfrqg
fdvh pd| eh uhohydqw lq vrph vpdoohu xuedq duhdv/ zkhuh orz ghpdqg frpelqhg
zlwk d uhdvrqdeoh rq0vwuhhw vxsso| pd| uhtxluh d phwhu ihh wr udwlrq doo sdunlqj
ghpdqg wr rq0vwuhhw vxsso|1 Wklv lv wkh fdvh vwxglhg lq ixuwkhu ghwdlo e| Duqrww
dqg Urzvh ^5‘1 Zh frpphqw ixuwkhu rq rxu prgho uhvxowv xqghu wkh vhfrqg fdvh
lq vhfwlrq 91
7 Qxphulfdo H{dpsoh
Wkh glvfxvvlrq lq wklv sdshu lv looxvwudwhg zlwk d vlpsoh qxphulfdo h{dpsoh/
fdoleudwhg wr gdwd sxeolvkhg rq fhqwudo Orqgrq1 Wdeoh 4 jlyhv wkh edvh fdvh
ydoxhv iru sdudphwhuv1
Wdeoh 4= edvh fdvh sdudphwhu ydoxhv
v|pero edvh fdvh ydoxh vrxufh
Q 93/333 fdofxodwhg iurp 8^<‘
T{ 43/333-8 gudzq iurp ^<‘ 9dqg ^:‘
￿ 53 dvvxphg
￿ 7 hvwlpdwhg iurp:^<‘
F ￿ 8148 gudzq iurp ;^7‘
g ￿5 dvvxphg<
D ihz nh| sdudphwhuv kdyh qr gluhfw hpslulfdo frxqwhusduw dqg duh wkxv
dvvxphg/ qrwdeo| wkh vhdufk frvw sdudphwhu g1 Vhqvlwlylw| dqdo|vlv ri wklv sd0
udphwhu ydoxh lv jlyhq ehorz1 Qrwh dovr wkdw wkh gdwd vxssruwv wkh dujxphqw
8Xvlqj Iljxuh 5 ss149/ zh kdyh hvwlpdwhv ri wkh qxpehu ri sdunlqj dfwv lq fhqwudo Orqgrq
shu shdn dqg r￿0shdn shulrg1 H{foxglqj wkh sdunlqj dw wkh zrunsodfh/ zh vxp frpelqhg
sdunlqj dfwv e| sulydwh fduv dqg frpsdq| fduv1 Wklv lv htxlydohqw wr 8:/333 dfwv gxulqj wkh
krxuv 3:33046331
9Wdeoh 4 ss14: uhsruwv wkdw wkhuh zhuh 44/688 phwhu vsdfhv lq fhqwudo Orqgrq lq 4<;<1
Hoolrw dqg Zuljkw ^8‘ uhsruw lq Wdeoh 44 dq htxlydohqw ￿jxuh ri 47/6<31 Zh dvvxph 43/333
vsdfhv1 Zh vxvshfw wkdw wkhuh lv vwurqj vsdwldo yduldwlrq lq ghpdqg dqg vxsso| zlwklq fhqwudo
Orqgrq/ dowkrxjk wklv lv qrw uhsruwhg lq wkhvh vrxufhv1 Khqfh zh xvh d vpdoohu hvwlpdwh ri wkh
qxpehu ri vsdfhv dqg lqwhusuhw rxu uhvxowv dv uhodwlqj wr wkrvh duhdv zlwklq fhqwudo Orqgrq lq
zklfk ghpdqg lv uhodwlyho| kljk djdlqvw vxsso|1
:Iljxuh 8 ss14: h{foxglqj gdwd uhodwlqj wr ￿up sdunlqj1 Krzhyhu/ qr lqirupdwlrq lv sur0
ylghg rq sulfh1 Dyhudjh gxudwlrq lv hvwlpdwhg dw 7 krxuv1 Zh dvvxph d ydoxh ri q h t x d ow r7
vxfk wkdw li qr sulfh zhuh fkdujhg/ d gulyhu zrxog uhpdlq 8 krxuv1
;Wdeoh 6 ss1587 iru Flw| ri Orqgrq1
<Wkhuh lv vrph hylghqfh wr vxssruw wkh pdjqlwxgh ri wklv sdudphwhu1 D{kdxvhq ^6‘ Iljxuh
9 suhvhqwv hylghqfh iurp d vwxg| lq Iudqnixuw wkdw phdvxuhg dq dyhudjh vhdufk wlph iru dq
rq0vwuhhw vsdfh rq d Vdwxugd| dw 431< plqxwhv1 Zh zrxog h{shfw wkdw wkh ydoxh ri wlph vshqw
vhdufklqj iru d vsdfh lv kljkhu wkdq wkh lq0yhklfoh wudyho wlph1 Li wkh ydoxh ri wlph vshqw
vhdufklqj htxdov 43 srxqgv shu krxu/ wkh ydoxh ri wkh vhdufk iru d vsdfh lv dssur{lpdwho| 5
srxqgv1
:pdgh lq wkh suhylrxv vhfwlrq lq idyrxu ri d uhodwlyho| vpdoo rq0vwuhhw vxsso|




Lq sudfwlfh/ gulyhuv fkrrvh zkhwkhu wr sdun r￿0vwuhhw ru dwwhpsw wr sdun rq0
vwuhhw1 Jryhuqphqw fdq rqo| uhjxodwh wkh pdunhw vxemhfw wr wklv vhohfwlrq frq0
vwudlqw1 Jryhuqphqw w|slfdoo| pxvw fkrrvh ehwzhhq rqh ri wzr lqvwuxphqwv=
hlwkhu d phwhu ihh +p, ru d wlph uhvwulfwlrq +u,1 Xqghu d wlph uhvwulfwlrq/ wkh
gulyhu sdunv iru iuhh/ exw pxvw ohdyh wkh vsrw zlwklq d suh0vshfl￿hg dprxqw ri
wlph1
Zh rqo| frqvlghu wkh fdvh lq zklfk wkh r￿0vwuhhw pdunhw lv rshudwhg xqghu
frqglwlrqv ri shuihfw frpshwlwlrq1 Wkh }hur sur￿w frqglwlrq wkhuhiruh lpsolhv
wkdw s￿
| @ F1 Zh pdnh vrph ixuwkhu frpphqwv derxw wkh uhvxowv xqghu dq
lpshuihfwo| frpshwlwlyh r￿0vwuhhw pdunhw lq vhfwlrq 9 ehorz1
814 Fkrlfh ri ghvwlqdwlrq dqg udwlrqlqj uxoh
Zh dvvxph wkdw wkh suredelolw| ri jhwwlqj dq rq0vwuhhw vsrw/ ￿{/l vj l y h qe |d
vlpsoh udqgrp udwlrqlqj uxoh43=
￿{+s{, @
￿
4 li QO+s{,w{+s{, ?T {
T{
QOw{ rwkhuzlvh +7,
zkhuh QO+s{, jlyhv wkh qxpehu ri gulyhuv dwwhpswlqj wr sdun rq wkh {
pdunhw +*jr Ohiw*,/ odwhu wr eh ghulyhg dv d ixqfwlrq ri wkh sulfh rq0vwuhhw1 Wklv
sduwlfxodu udwlrqlqj uxoh lv prvw uhohydqw wr wkh vlwxdwlrq lq zklfk hdfk gulyhu
duulyhv dw udqgrp ryhu wkh shdn shulrg1 Gulyhuv fdqqrw lqfuhdvh wkhlu suredelolw|
ri jhwwlqj d vsrw e| duulylqj hduolhu ru odwhu/ ru e| xvlqj lqirupdwlrq rq sdunlqj
dydlodelolw|1 Wkh fkrvhq uhsuhvhqwdwlrq fdswxuhv lq d vlpsoh zd| d nh| frqfhuq=
wkh suredelolw| ri d gulyhu ￿qglqj d vsrw lv uhodwhg wr wkh ohqjwk ri wlph gulyhuv
zrxog olnh wr sdun iru441 Li shu wlph xqlw sulfhv duh orz/ dqg gulyhuv sdun iru
d uhodwlyho| orqj shulrg/ wkh fkdqfh ri dq| udqgrpo| duulylqj gulyhu ￿qglqj d
43Wklv uxoh lv uhihuuhg wr dv d *sursruwlrqdo0udwlrqlqj uxoh* lq Wluroh ^43‘ ss1546 ru/ zkhq
xvhg wr frpsxwh wkh h{shfwhg ghpdqg fxuyh/ dv d *Ehfnpdqq0frqwlqjhqw* ghpdqg fxuyh e|
Gdylgvrq dqg Ghqhfnhuh ^9‘1
44Wkh uhsuhvhqwdwlrq lv dovr frqvlvwhqw zlwk vwrfkdvwlf txhxhlqj wkhru|1 Wkh h{shfwhg zdlw0





zkhuh b ghqrwhv wkh duulydo udwh1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkh h{shfwhg txhxh
wlph ulvhv dv wkh ohqjwk ri vwd| | ulvhv1 Vhh Jod}hu dqg Qlvndqhq ^;‘ vhfwlrq 9 iru d qxphulfdo
h{dpsoh1
;ydfdqw rq0vwuhhw vsdfh lv vpdoo1 Wklv uhsuhvhqwdwlrq lv qrw vxlwhg wr doo w|shv ri
sdunlqj pdunhwv 0 sulydwh zrunsodfh sdunlqj lv riwhq uhvhuyhg/ iru lqvwdqfh1
Iljxuh 5 looxvwudwhv wkh suredelolw| uxoh lq wkh edvh fdvh1 Wkh yhuwlfdo d{lv
vkrzv sulfh rq wkh { pdunhw/ s{/ zkloh wkh krul}rqwdo d{lv jlyhv wkh qxpehu
ri gulyhuv dwwhpswlqj wr sdun rq0vwuhhw/ QO1 Wkh vkdghg duhd vkrzv +s{>Q O,
frpelqdwlrqv zklfk uhvxow lq lqvx!flhqw ghpdqg wr phhw rq0vwuhhw vxsso|/ dqg
wkh suredelolw| ri ￿qglqj d ydfdqw vsrw htxdov rqh1 Wkh qrq0vkdghg duhd wr
wkh uljkw ri wkh glylglqj olqh vkrzv +s{>QO, frpelqdwlrqv zkhuhe| ghpdqg
h{fhhgv vxsso| dqg wkh suredelolw| idoov ehorz rqh1 Wkh glylglqj olqh sorwv wkh
frpelqdwlrqv iru zklfk ghpdqg htxdov vxsso|= QO+s{, = QO @ ￿T{@+￿ ￿s{,1
Zh kdyh dvvxphg wkdw dw QO+F, ?Q+wkh wklug fdvh iurp wkh glfxvvlrq lq
vhfwlrq 6 deryh,1 Wklv lpsolhv wkdw li wkh rq0vwuhhw sulfh htxdov wkh r￿0vwuhhw
sulfh/ ghpdqg lv juhdwhu wkdq rq0vwuhhw vxsso|1
Hdfk gulyhu ghflghv zkhwkhu wr dwwhpsw wr sdun rq0vwuhhw +*jr ohiw*, ru sur0
fhhg gluhfwo| wr wkh r￿0vwuhhw pdunhw +*jr uljkw*,1 Hdfk gulyhu lv dzduh wkdw
idloxuh wr ￿qg dq rq0vwuhhw vsrw zloo uhtxluh gulylqj edfn wr wkh r￿0vwuhhw pdu0
nhw dqg wkxv lqfxuulqj d frvw g1 Iru ulvn qhxwudo gulyhuv/ wkh h{shfwhg frqvxphu
vxusoxv iurp jrlqj ohiw lv= ￿{FV{ .^ 4￿ ￿{‘^FV| ￿ g‘ zkhuh ￿{ lv gh￿qhg lq
htxdwlrq +7,/d q gFVl jlyhv wkh frqvxphu vxusoxv iurp sdunlqj rq pdunhw l1L i
d gulyhu jrhv uljkw/ vkh jdlqv FV| iru fhuwdlq1
Frqvlghu wkdw rq0vwuhhw sdunlqj lv iuhh1 Jlyhq wkdw QO+3, ? QO+F, ?Q /















F ^5￿ ￿F‘.5 ￿g
+8,
Khqfhiruwk zh dvvxph wkdw wklv frqglwlrq krogv/ zklfk lv wkh fdvh iru rxu
edvh0fdvh sdudphwhu ydoxhv1 Lw lpsolhv wkdw QO+3, @ Q1 Pdnlqj wklv dvvxpswlrq
hdvhv h{srvlwlrq lq wkh sdshu/ exw wkh uhvxowv ri wklv sdshu gr qrw ghshqg rq wklv
dvvxpswlrq= lqghhg/ zh jlyh d vnhwfk ri wkh rxwfrph zkhq wklv frqglwlrq idlov
wr krog lq wkh vhfwlrq 8 ehorz1 Zh uhwxuq wr wkh lqwhusuhwdwlrq ri wklv frqglwlrq
ehorz1
Zh wxuq wr wkh h￿hfw ri phwhu ihhv rq wkh fkrlfh wr jr ohiw ru uljkw1 Frqvlghu
d vwulfwo| srvlwlyh phwhu ihh/ 3 ?s {p ?F+qrwh wkh xvh ri wkh vhfrqg vxevfulsw
wr ghqrwh fkrlfh ri uhjxodwru| lqvwuxphqw/ m @ ip>uj,1 Jlyhq wkh vwulfw qdwxuh
ri wkh lqhtxdolw| frqvwudlqw lq +8,/ iru d vpdoo hqrxjk lqfuhdvh lq sulfh/ doo gulyhuv
vwloo dwwhpsw wr sdun rq0vwuhhw1 Wkhlqfuhdvh lq sulfh fdxvhvhdfk vxffhvvixo gulyhu
wr sdun iru d pdujlqdoo| vkruwhu shulrg ri wlph/ wkxv lqfuhdvlqj wkh suredelolw|
ri ￿qglqj d ydfdqw rq0vwuhhw vsdfh1 Krzhyhu/ dw wkh vdph wlph/ wkh qhw jdlq lq
frqvxphu vxusoxv iurp ￿qglqj d ydfdqw vsdfh idoov1 Jlyhq wkh olqhdu ghpdqg
fxuyhv/ wkh qhw h￿hfw rq ghvludelolw| ri jrlqj ohiw lv qhjdwlyh 0 wkh qhw jdlq lq
h{shfwhg frqvxphu vxusoxv iurp dwwhpswlqj wr sdun rq0vwuhhw idoov1
<Dw d odujh hqrxjk phwhu ihh/ ghqrwhg e| s{p/ li doo gulyhuv jr ohiw/ wkh
h{shfwhg jdlq lq frqvxphu vxusoxv lq vxffhvvixoo| sdunlqj rq0vwuhhw h{dfwo|













‘^FV| ￿ g‘@FV|1 Lpdjlqh wkdw doo gulyhuv
fkrrvh wr jr ohiw dw d sulfh pdujlqdoo| deryh wklv ohyho/ s{p @ s{p . %?F 1
Vrph gulyhuv zrxog gr ehwwhu e| fkrrvlqj wr jr gluhfwo| wr wkh r￿0vwuhhw pdunhw1
Lq +Qdvk, htxloleulxp/ dw wklv sulfh ohyho/ rqo| d vxevhw ri gulyhuv dwwhpsw wr
sdun rq0vwuhhw +QOp ?Q,1
Ilqdoo|/ frqvlghu d phwhu ihh htxdo wr wkh r￿0vwuhhw sulfh1 Wkh frqvxphu
vxusoxv iurp sdunlqj rq0 dqg r￿0vwuhhw lv lghqwlfdo1 Lq htxloleulxp/ gulyhuv zloo
qrw fkrrvh ohiw xqohvv wkh suredelolw| ri ￿qglqj dq rq0vwuhhw vsrw htxdov rqh1
Wklv jlyhv wkh frqglwlrq iru wkh xsshu erxqg sulfh/ s{p= QOp +s{p, @ QO+s{p,1
Wklv lv rqo| ixo￿oohg li s{p @ F1 Li wkh sulfh rq0vwuhhw lv kljkhu wkdq r￿0vwuhhw/ doo
gulyhuv zloo sdun gluhfwo| r￿0vwuhhw +jr uljkw,1 Wkhuhiruh iru s{p A s|/ QOp @ 3/
dqg ￿{ @4 1
Wkh qxpehu ri gulyhuv dwwhpswlqj wr sdun rq0vwuhhw zkhq phwhu ihhv duh
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Op li s{p @ F ￿ s{ ￿ s{p
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+9,
Iljxuh 5 vkrzv wkh qxpehu ri gulyhuv jrlqj ohiw xqghu phwhu ihhv +d vrolg
olqh,1 Dw sulfhv ohvv wkdq s{p @ ’6=3< shu krxu/ doo gulyhuv fkrrvh wr jr ohiw=
QOp+s{p, @ Q @9 3 >3331 Zkhq wkh phwhu ihh pdwfkhv wkh r￿0vwuhhw sulfh/
s{p @ F @ ’8=48/ 55( ri gulyhuv fkrrvh ohiw dqg wkh uhpdlqghu jr uljkw1
Wkh vdph w|shv ri frqglwlrqv fdq eh ghulyhg iru wkh fdvh ri wlph uhvwulfwlrqv/
zkhuh wkh sulfh shu wlph xqlw/ s{u/ jlyhv wkh lpsolflw sulfh ri wkh wlph uhvwulfwlrq
l1h1 wkh sulfh dw zklfk d gulyhu zrxog fkrrvh wr sdun rqo| iru wkh gxudwlrq ri
wkh wlph uhvwulfwlrq1 E| dvvxpswlrq/ dw d }hur sulfh/ htxlydohqw wr qr wlph
uhvwulfwlrq/ doo gulyhuv fkrrvh wr jr ohiw +frqglwlrq 8,1 Lq wkh fdvh ri d vpdoo
lpsolflw sulfh +d orqj wlph uhvwulfwlrq,/ lw lv fohdu wkdw wkh frqvxphu vxusoxv iurp
vxffhvvixoo| sdunlqj rq0vwuhhw lv juhdwhu wkdq wkh fdvh ri phwhu ihhv1 Wkh qhw
ehqh￿w wr eh wudghg r￿ djdlqvw wkh vhdufk frvw lv juhdwhu xqghu wlph uhvwulfwlrqv
wkdq phwhu ihhv1 Jlyhq wkh dvvxpswlrqv pdgh/ doo gulyhuv frqwlqxh wr fkrrvh
ohiw hyhq zkhq wkh lpsolflw rq0vwuhhw sulfh pdwfkhv wkh r￿0vwuhhw sulfh= s{u @ F1
Vrph dwwhqwlrq lv uhtxluhg lq ghulylqj wkh sulfh dw zklfk rqo| d vxevhw ri
gulyhuv fkrrvh wr jr ohiw1 Dvvxplqj wkdw ￿{ ? 4/ zh fdq ghulyh d sulfh/ s{u/
vxfk wkdw QO+s{u, @ Q1 Li rq0vwuhhw vxsso| lv uhodwlyho| vpdoo/ vxfk wkdw















Iljxuh 5= Qxpehu ri lqglylgxdov dwwhpswlqj wr sdun rq0vwuhhw +￿jr ohiw￿,
44QO+s{u, ?Q O+s{u, @ Q/ wkhq wkh dvvxpswlrq pdgh derxw wkh suredelolw|
lv fruuhfw1 Xvlqj wkh sdudooho gh￿qlwlrq iru s{u dv lq wkh fdvh ri phwhu ihhv/ jlyhv
s{u @
s
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Wkh edvh fdvh kdv d uhodwlyho| vpdoo rq0vwuhhw vxsso|1 Iljxuh 5 ghslfwv h{0
suhvvlrq +:, dv d grwwhg olqh1 Doo gulyhuv fkrrvh wr dwwhpsw wr sdun rq0vwuhhw
dw lpsolflw sulfhv xs wr ￿45=98 shu krxu +uhfdoo wkh sulfh r￿0vwuhhw lv rqo| ￿8=48
shu krxu,1 Hyhq zkhq wkh wlph uhvwulfwlrq lv vxfk wkdw gulyhuv fdq sdun rqo|
d iudfwlrq ri wkh wlph wkdw wkh| frxog sdun iru r￿0vwuhhw/ gulyhuv duh ehwwhu r￿
sdunlqj iru iuhh rq0vwuhhw wkdq sd|lqj wkh fkdujh r￿0vwuhhw1 D iudfwlrq ri gulyhuv
fkrrvh ohiw dqg wkh uhpdlqghu fkrrvh uljkw dw lpsolflw sulfhv ehwzhhq ￿45=98 wr
￿46=6< shu krxu1 Dw sulfhv deryh wklv ohyho/ doo gulyhuv jr uljkw1 Ilqdoo|/ qrwh
wkdw rq0vwuhhw vxsso| ehlqj *uhodwlyho| vpdoo* wudqvodwhv lqwr wkh idfw wkdw dw
sulfh s{u/ QO+s{u, ￿ QO+s{u, @ Q1
Dowhuqdwlyho|/ rq0vwuhhw vxsso| pd| eh uhodwlyho| odujh/ vxfk wkdw QO+s{u, A
QO+s{u, @ Q1 Lq wklv fdvh/ wkh ruljlqdo dvvxpswlrq wkdw ￿{ ? 4 lv idovh dw sulfh
s{u1 Frqvlghu d sulfh vxfk wkdw QO+s{u, ?Q 1 Doo gulyhuvf k r r v hw rj ro h i w 1
Wklv frqwlqxhv xqwlo wkh sulfh wkdw QO+s{u, @ Q1 Dw wklv srlqw/ wkh suredelolw|
ri ￿qglqj d vsrw ulvhv wr rqh1 Doo gulyhuv frqwlqxh wr jr ohiw xqwlo wkh frqvxphu
vxusoxv rq0vwuhhw h{dfwo| pdwfkhv wkdw r￿0vwuhhw dw s{u1 Dw wklv sulfh/ doo gulyhuv
duh lqgl￿huhqw ehwzhhq sdunlqj pdunhwv1 Dw d sulfh deryh wklv ohyho/ doo gulyhuv




Q li s{u ￿ s{u
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Wkh glvwlqfwlrq ehwzhhq uhodwlyho| odujh dqg uhodwlyho| vpdoo rq0vwuhhw vxsso|
pdnhv qr gl￿huhqfh wr wkh edvlf uhvxow ri wklv sdshu1
Ilqdoo|/ Iljxuh 6 suhvhqwv wkh lqyhuvh ghpdqg fxuyh iru rq0vwuhhw sdunlqj
wlph xqghu d phwhu ihh +d vrolg olqh, dqg d wlph uhvwulfwlrq +d grwwhg olqh, iru
wkh edvh fdvh l1h1 lq zklfk rq0vwuhhw vxsso| lv uhodwlyho| vpdoo1 Rq0vwuhhw vxsso|
lv vkrzq dv d vrolg krul}rqwdo olqh1









Iljxuh 6= Lqyhuvh ghpdqg fxuyh iru rq0vwuhhw vsdfh
Dw uhodwlyho| orz rq0vwuhhw sulfhv +s{m ?s {p,/ ghpdqg iru rq0vwuhhw sdunlqj
lv lghqwlfdo xqghu wlph uhvwulfwlrqv ru phwhu ihhv1 Doo gulyhuv fkrrvh ohiw1 Lq
wkh lqwhuydo s{p @ 6=3< ?s {m ?s {u @4 6 =6</k r z hyhu/ ghpdqg iru rq0vwuhhw
sdunlqj lv juhdwhu zlwk d wlph uhvwulfwlrq wkdq d phwhu ihh1
815 Rswlpdo phwhu ihhv
Wkh rswlpdo phwhu ihh fdq eh uhdg gluhfwo| iurp Iljxuh 51 Dw sulfh s{p @ F/ wkh
qxpehu ri lqglylgxdov dwwhpswlqj wr sdun rq0vwuhhw lv vxfk wkdw wkh suredelolw|
ri ￿qglqj d vsrw lv rqh1 Vhdufk0frvwv duh holplqdwhg1 Wklv uhsolfdwhv wkh ￿uvw0
ehvw vroxwlrq ghulyhg xqghu wkh fhqwudol}hg vroxwlrq1 Lw lv fohdu wkdw zhoiduh
fdqqrw eh lpsuryhg xsrq1
Wr vhh wkh uhvxow pruh irupdoo|/ vrfldo zhoiduh fdq eh zulwwhq dv d ixqfwlrq
ri s{p dorqh1
HZp+s{p, @ QOp+=,^￿{+=,VV{+=, .^ 4￿ ￿{+=,‘^VV| ￿ g‘‘ . ^Q ￿QOp+=,‘VV|
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Iljxuh 7= Vrfldo zhoiduh zlwk phwhu ihhv








dqg QOp+s{p, lv jlyhq e| +9, dqg wkh suredelolw| ri jhwwlqj d vsrw/ ￿{+s{p,/
e| +7,1P d {lpl}lqj wklv qrq0frqwlqxrxv ixqfwlrq zlwk uhvshfw wr phwhu ihhv
uhvxowv lq Sursrvlwlrq 41
Sursrvlwlrq 4 Zkhq wkh r￿0vwuhhw pdunhw lq shuihfwo| frpshwlwlyh/ wkh rswlpdo
shu wlph xqlw rq0vwuhhw phwhu ihh/ s￿
{p/ lv jlyhq e| s￿
{p @ s| @ F1 Vrfldo zhoiduh
lv lghqwlfdo wr wkdw zlwk dq rswlpdo fhqwudol}hg vroxwlrq1
Surri1 Vhh Dsshqgl{
Zh kdyh uhvwulfwhg dwwhqwlrq wr d olqhdu shu wlph xqlw rq0vwuhhw ihh1 Krzhyhu/
jlyhq wkdw wklv ihh vwuxfwxuh dfklhyhv wkh ￿uvw0ehvw rxwfrph/ lw iroorzv wkdw d
qrq0olqhdu ihh fdq gr qr ehwwhu1 Zh fdq wkhuhiruh dgg d fruroodu|=
Fruroodu| 4 Zkhq wkh r￿0vwuhhw pdunhw lv shuihfwo| frpshwlwlyh/ wkh rswlpdo
phwhu ihh lv olqhdu1
Iljxuh 7 suhvhqwv wkh vrfldo zhoiduh ixqfwlrq iru wkh qxphulfdo h{dpsoh1
Frqvlghu d orz sulfh iru rq0vwuhhw sdunlqj s{ ￿ s{p @ ’6=3< ?F@ ’8=481
Zlwk vxfk d odujh sulfh gl￿huhqfh ehwzhhq wkh pdunhwv/ doo gulyhuv dwwhpsw wr
sdun rq0vwuhhw= wkh qhw uhwxuqv iurp vxffhvvixoo| jhwwlqj dq rq0vwuhhw vsrw duh
vx!flhqw wr rxwzhljk wkh vhdufk frvwv hyhq li doo gulyhuv dwwhpsw wr ￿qg d vsrw1
Dv lq wkh fhqwudolvhg vroxwlrq/ udwlrqlqj ehqh￿wv dffuxh iurp udlvlqj rq0vwuhhw
sulfhv dv orqj dv wkh| duh ehorz wkh ohyho r￿0vwuhhw1 Krzhyhu/ lq wkh suhvhqfh
ri vhdufk frvwv/ udlvlqj sulfhv kdv dq dgglwlrqdo ehqh￿w= lw uhgxfhv wkh qxpehu
47ri gulyhuv lqfxuulqj wkh lqh!flhqw shqdow| frvw/ g/ iurp kdylqj wr uhwxuq wr wkh
| pdunhw +dowhuqdwlyho|/ vhdufk frvwv idoo,1 Wkhvh wzr w|shv ri ehqh￿wv dffuxh
xqwlo wkh srlqw s{ @ s{p1




/r q o |di udfwlrq ri gulyhuv
jr ohiw1 D pdujlqdo lqfuhdvh lq rq0vwuhhw ihh/ lq dgglwlrq wr wkh suhylrxv wzr
h￿hfwv/ dovr lqgxfhv vrph h{wud gulyhuv wr surfhhg gluhfwo| wr wkh | pdunhw udwkhu
wkdq wr vhdufk rq wkh rq0vwuhhw pdunhw1 Wklv uhvxowv lq dq dgglwlrqdo uhgxfwlrq
lq wrwdo vhdufk frvwv deryh wkrvh fdswxuhg lq wkh uhjlrq s{ ￿ s{p11
Rqfh s{ As {p @ F/ doo gulyhuv fkrrvh wr sdun gluhfwo| rq wkh r￿0vwuhhw
pdunhw1 Pdujlqdoo| udlvlqj rq0vwuhhw ihhv kdv qr h￿hfw1 Qr0rqh xvhv wkh rq0
vwuhhw vsdfh1
816 Rswlpdo wlph uhvwulfwlrqv
Lw lv fohdu iurp Iljxuh 5 wkdw wlph uhvwulfwlrqv fdqqrw uhsolfdwh wkh fhqwudol}hg
vroxwlrq1 Zkhq sulfhv duh htxdo wr wkh r￿0vwuhhw ohyho/ doo gulyhuv fkrrvh wr
dwwhpsw wr sdun rq0vwuhhw dqg wrwdo vhdufk frvwv duh vwulfwo| srvlwlyh1 Wlph
uhvwulfwlrqv fdq eh xvhg wr holplqdwh vhdufk frvwv lq wkh edvh fdvh e| vhwwlqj
s{u @ s{u AF 1 Exw wklv sulfh zrxog ohdg wr zhoiduh orvvhv iurp d edgo|
udwlrqhg pdunhw +uhfdoo iurp wkh fhqwudol}hg vroxwlrq/ wkdw vhwwlqj sulfhv deryh
wkh ohyho F ohdg wr qhw udwlrqlqj orvvhv dv wrr pdq| shrsoh sdun iru wrr vkruw
d wlph rq0vwuhhw,1 Lw wxuqv rxw wkdw wkh rswlpdo wlph uhvwulfwlrq lv vhw ehwzhhq
wkh ohyho F dqg wkh sulfh dw zklfk vhdufk frvwv duh holplqdwhg= wkh rswlpdo
uhvwulfwlrq wudghv r￿ wkh zhoiduh orvvhv iurp kljkhu sulfhv zlwk wkh uhgxfwlrq lq
wrwdo vhdufk frvwv1
Vrfldo zhoiduh fdq eh zulwwhq dv d ixqfwlrq ri wkh lpsolflw sulfh ri wkh wlph
uhvwulfwlrq s{u dorqh1
HZu+s{u, @ QOu+=,^￿{+=,VV{+=, .^ 4￿ ￿{+=,‘^VV| ￿ g‘‘ .^Q ￿QOu+=,‘VV|
+43,
zkhuh vrfldo vxusoxv/ VVl/ lv gh￿qhg lq htxdwlrq +<,/ QOu+s{u, lq htxdwlrq
+:, ru +;, dqg ￿{+s{u, lq +7,1W rv l psoli| pdwwhuv/ zh pdnh d ixuwkhu dvvxpswlrq











Wkh uhvwulfwlrq lv phw lq wkh edvh fdvh451 Lw hqvxuhv wkdw dw wkh rswlpdo wlph
uhvwulfwlrq/ rq0vwuhhw ghpdqg lv juhdwhu wkdq vxsso|1 Zh vwuhvv/ krzhyhu/ wkdw
wkh pdlq ￿qglqjv ri wklv sdshu krog dv orqj dv
T{
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Iljxuh 8= Vrfldo zhoiduh xqghu wlph uhvwulfwlrqv dqg phwhu ihhv
dw hqg ri wklv vhfwlrq,1 Wkh rswlpdo ohyho ri wlph uhvwulfwlrq lv ghulyhg lq wkh
iroorzlqj ohppd1
Ohppd 4 Jlyhq d shuihfwo| frpshwlwlyh r￿0vwuhhw sdunlqj pdunhw/ dqg frq0
glwlrq +44,/ wkh rswlpdo lpsolflw sulfh ri d wlph uhvwulfwlrq/ s￿
{u/ lv jlyhq e|
s￿






Iljxuh 8 suhvhqwv wkh vrfldo zhoiduh ixqfwlrq iru wlph uhvwulfwlrqv +wkh grwwhg
olqh, lpsrvhg ryhu wkdw iru phwhu ihhv +wkh vrolg olqh,1
Frqvlghu ￿uvw wkh fdvh zkhuh wkh wlph uhvwulfwlrq lv pxfk orqjhu wkdq wkh
wlph fkrvhq e| wkh r￿0vwuhhw xvhuv= s{u ?F@ 8=481 Doo gulyhuv vhohfw wkh rq0
vwuhhw pdunhw1 Pdujlqdoo| uhgxflqj wkh wlph uhvwulfwlrq doorzv pruh gulyhuv wr
sdun rq0vwuhhw jhqhudwlqj qhw udwlrqlqj ehqh￿wv1 Ixuwkhupruh/ ohvv gulyhuv lqfxu
wkh vhdufk frvw g1 Qrz frqvlghu F ?s {u ?s {u 1 Doo gulyhuv dwwhpsw wr sdun
rq0vwuhhw1 Uhgxflqj wkh wlph uhvwulfwlrq pdujlqdoo| zloo jhqhudwh d qhw udwlrqlqj
orvv +s{u AF,/ exw wklv lv lqlwldoo| pruh wkdq frpshqvdwhg iru e| wkh jdlq lq
zhoiduh iurp uhgxflqj wrwdo vhdufk frvwv1 Dq lqwhulru rswlpxp h{lvwv dw zklfk
wkh wzr rssrvlqj h￿hfwv r￿vhw rqh dqrwkhu/ dw sulfh s￿
{u1 Dw sulfhv pdujlqdoo|
deryh wklv ohyho/ wkh orvv ri qhw udwlrqlqj ehqh￿wv rxwzhljkv wkh jdlq lq uhgxfhg
49vhdufk frvwv1 Wklv frqwlqxhv xqwlo s{u @ s{u @ 45=981 Dw d sulfh deryh wklv
ohyho/ vrph gulyhuv vzlwfk gluhfwo| wr wkh | pdunhw wkxv vdylqj wkh vhdufk frvw1
Wkhuh lv dq dgglwlrqdo pdujlqdo ehqh￿w iurp udlvlqj sulfhv1 Lw vr kdsshqv wkdw
wkh qhw udwlrqlqj orvv iurp pdujlqdoo| udlvlqj sulfhv lv h{dfwo| r￿vhw e| wkh
frpelqhg uhgxfwlrq lq vhdufk frvwv1 Wkh pdujlqdo ehqh￿w ri udlvlqj sulfhv lv
}hur1 Ixuwkhupruh/ wklv frqwlqxhv xqwlo s{ @ s{p @ 46=6< dw zklfk srlqw wkh
suredelolw| ri jhwwlqj dq rq0vwuhhw vsrw lv rqh1 Udlvlqj rq0vwuhhw sulfhv deryh
wklv ohyho kdv qr lpsdfw dv doo gulyhuv sdun r￿0vwuhhw1
Wklv glvfxvvlrq uhodwhv wr wkh edvh fdvh lq zklfk rq0vwuhhw vxsso| lv *uhodwlyho|
vpdoo*1 Dv vkrzq lq wkh surri ri Ohppd 4/ krzhyhu/ wkh vdph uhvxow krogv iru
wkh fdvh lq zklfk rq0vwuhhw vxsso| lv uhodwlyho| odujh/ dowkrxjk wkh vkdsh ri wkh
zhoiduh ixqfwlrq lv voljkwo| dowhuhg1 Wkh fhqwudo uhvxow ri wklv sdshu lv froohfwhg
lq Sursrvlwlrq 51
Sursrvlwlrq 5 Jlyhq d frpshwlwlyh r￿0vwuhhw pdunhw/ vrfldo zhoiduh lv orzhu
lq wkh fdvh wkdw jryhuqphqw dgrswv dq rswlpdo wlph uhvwulfwlrq wr uhjxodwh wkh
xuedq rq0vwuhhw sdunlqj wkdq lq wkh fdvh zlwk dq rswlpdo +olqhdu, phwhu ihh1 Ixu0
wkhupruh/ wkh qhw orvv lq zhoiduh iurp dgrswlqj d wlph uhvwulfwlrq lv lqfuhdvlqj
lq wkh vhdufk frvw sdudphwhu g1
Surri1 Vhh Dsshqgl{
Wklv Sursrvlwlrq iroorzv gluhfwo| iurp Sursrvlwlrq 4 dqg Ohppd 41 Lw lv
dovr lqwxlwlyh1 Wkh gl￿huhqfh ehwzhhq wkh h!flhqf| ri wkh wzr lqvwuxphqwv
vwhpv iurp wkh lpsdfw rq vhdufklqj ehkdylrxu1 Li wkhuh duh qr vhdufk frvwv
+g @ 3,/ wkh wzr lqvwuxphqwv duh lghqwlfdo +dowkrxjk wulyldoo| QOu A QOp,1
Wdeoh 5 uhsruwv vrph vhqvlwlylw| dqdo|vlv rq wkh ydoxh ri sdudphwhu g/ zklfk
looxvwudwh wkh ￿qglqj ri wkh Sursrvlwlrq1
Wdeoh 5
m s￿
{m s{m s{m ￿￿
{ Z
g @ 4=8 p 8=48 6=98 8=48 4 433
u 8=89 45=;; 46=6< 3=563 <9=69
g @5 =3 p 8=48 6=3< 8=48 4 433
u 8=:3 45=98 46=6< 3=566 <8=49
g @5 =8 p 8=48 5=87 8=48 4 433
u 8=;7 45=73 46=6< 3=568 <6=<8
Wkh wdeoh frqvlghuv wkuhh vfhqdulrv iru sdudphwhu g= d orz ydoxh/ g @ 4=8/
wkh edvh fdvh ydoxh/ g @5 / dqg d kljk ydoxh/ g @5 =81 Wklv fdq eh wkrxjkw ri
dv vhqvlwlylw| whvwv rq wkh ydoxh ri wlph zklovw hqjdjhg lq vhdufklqj dfwlylwlhv1
Wkh shuirupdqfh ri erwk lqvwuxphqwv duh frqvlghuhg xqghu hdfk vfhqdulr1 Iluvw
qrwlfh wkdw wkh zhoiduh ohyho Z dfklhyhg xqghu phwhu ihhv lv lqghshqghqw ri wkh
vhdufk frvw sdudphwhu1 Wklv lv reylrxv dv wkhuh lv qr vhdufklqj lq wkh rswlpxp1
Krzhyhu/ xqghu wlph uhvwulfwlrqv/ zhoiduh ghfolqhv dv g lqfuhdvhv1
Vhfrqgo|/ qrwh wkdw wkh rswlpdo lpsolflw sulfh iru wkh wlph uhvwulfwlrq lq0
fuhdvhv lq g1 Dv vhdufk frvwv ehfrph pruh lpsruwdqw/ wkh pdujlqdo ehqh￿wv
iurp lqfuhdvlqj sulfhv deryh F ulvh/ zklovw wkh pdujlqdo frvw 0 wkh orvv lq qhw ud0
wlrqlqj ehqh￿wv 0 vwd|v frqvwdqw1 Wkh rswlpdo sulfh lqfuhdvhv> dowhuqdwlyho|/ wkh
4:rswlpdo wlph uhvwulfwlrq lv vkruwhu wkh juhdwhu wkh glvwuhvv fdxvhg iurp vhdufklqj
ehkdylrxu1 Wkh rswlpdo phwhu ihh/ e| frqwudvw/ lv lqghshqghqw ri g1 Dw wkdw
sulfh rqo| wkh qxpehu ri gulyhuv zloo fkrrvh wr dwwhpsw wr sdun rq0vwuhhw vxfk
wkdw wkh suredelolw| ri ￿qglqj d vsrw lv rqh1 Vhdufk frvwv duh qrw uhohydqw1
Wklugo|/ qrwh wkdw xqghu hlwkhu lqvwuxphqw fkrlfh/ s{m lv ghfolqlqj lq sdudp0
hwhu g1 Iru dq| jlyhq sulfh rq0vwuhhw/ wkh qhw jdlqv iurp vxffhvvixoo| ￿qglqj dq
rq0vwuhhw vsrw duh r￿vhw hyhu pruh udslgo| e| wkh ulvlqj vhdufk frvwv li doo gulyhuv
fkrrvh ohiw1 Wkh sulfh dw zklfk rqo| d vxevhw ri gulyhuv fdq vhdufk lv orzhu wkh
kljkhu wkh vhdufk frvw1 Lq frqwudvw/ s{m lv lqghshqghqw ri wkh ohyho ri g iru hlwkhu
lqvwuxphqw1 Dw wklv sulfh/ wkh qhw jdlq iurp ehlqj deoh wr sdun rq0vwuhhw lv }hur
dqg vx!flhqw gulyhuv jr ohiw vxfk wkdw wkh suredelolw| ri ￿qglqj d vsrw lv rqh1
Wklv frqglwlrq lv qrw ghshqghqw rq wkh vhdufk frvw sdudphwhu1
Ilqdoo|/ qrwh wkdw lq wkh rswlpxp/ wkh suredelolw| ri ￿qglqj d vsrw zlwk
phwhu ihhv lv rqh/ zklovw iru wlph uhvwulfwlrqv lv durxqg 3156/ dowkrxjk wklv lv
voljkwo| ulvlqj lq wkh sdudphwhu g1
H{suhvvlrqv +44, dqg +8, uhvwulfw wkh vl}h ri rq0vwuhhw vxsso|1 Lqidfw/ wkh
edvlf uhvxow ri wkh prgho krogv xqghu d pruh jhqhudo uhvwulfwlrq= 3 ? T{@Q?
+￿￿ F,@￿1 Frqvlghu ￿uvw wkh fdvh lq zklfk uhvwulfwlrq +8, grhv qrw krog= rq0
vwuhhw vxsso| lv h{wuhpho| vpdoo1 Dw d }hur sulfh/ wkh suredelolw| ri ￿qglqj d
vsrw lv vr orz wkdw qrw doo gulyhuv zrxog fkrrvh wr jr ohiw1 Wkh qxpehu ri gulyhuv
fkrrvlqj ohiw zrxog idoo iurp QOm +3, ? Q wr QOp +F, @ QOp +F, lq wkh fdvh ri
phwhu ihhv1 Wkh sulfh s{p grhv qrw h{lvw1 Xqghu wlph uhvwulfwlrqv/ wkh ghpdqg
fxuyh zrxog ehqg0edfnzdugv= QOu +s{u, zrxog lqlwldoo| eh lqfuhdvlqj lq s{u
rqo| wr ghfuhdvh eh|rqg d fhuwdlq srlqw1 Wkh sulfh s{u pljkw kdyh wzr vroxwlrqv
ru qrqh1 Sursrvlwlrq 4 krogv dv phwhu ihhv fdq vwloo uhsurgxfh wkh fhqwudol}hg
vroxwlrq1 Krzhyhu/ wkh irup ri wkh rswlpdo wlph uhvwulfwlrq jlyhq lq Ohppd 4
zrxog fkdqjh/ dowkrxjk wkh edvlf lqihulrulw| ri wlph uhvwulfwlrqv uhpdlqv1
Ilqdoo|/ frqvlghu wkh fdvh lq zklfk rq0vwuhhw vxsso| idlov wr phhw +44,1 Rq0
vwuhhw vxsso| lv yhu| odujh1 Sursrvlwlrq 4 vwloo krogv1 Wkh rswlpdo wlph uhvwulfwlrq
jlyhq lq Ohppd 4/ krzhyhu/ olhv dw d sulfh iru zklfk wkh suredelolw| ri ￿qglqj
dq rq0vwuhhw vsrw lv rqh1 Ohppd 4 fdq qr orqjhu krog= QO+s￿
{u, AQ/ zklfk lv
qrw rswlpdo1 Lqvwhdg lw lv rswlpdo wr udlvh wkh lpsolflw sulfh xs xqwlo wkh sulfh
dw zklfk QO+s{u, @ Q1 Djdlq/ wkh irup ri wkh rswlpdo wlph uhvwulfwlrq jlyhq
lq Ohppd 4 dowhuv/ exw wkh edvlf lqihulrulw| uhvxow uhpdlqv1
9 Frqfoxvlrq
Lq sudfwlfh/ wlph uhvwulfwlrqv duh d srsxodu lqvwuxphqw iru uhjxodwlqj xuedq rq0
vwuhhw sdunlqj1 Wklv sdshu kdv vkrzq wkdw/ dv orqj dv wkh r￿0vwuhhw pdunhw lv
uhodwlyho| frpshwlwlyh/ wlph uhvwulfwlrqv pd| lqgxfh wrr pxfk zdvwhixo vhdufk0
lqj1 Olqhdu phwhu ihhv/ lq frqwudvw/ fdq vroyh wkh doorfdwlrq sureohp h!flhqwo|1
Wkh juhdwhu wkh vhdufk sureohp/ wkh uhodwlyho| ehwwhu lw ehfrphv wr dgrsw ph0
whu ihhv udwkhu wkdq wlph uhvwulfwlrqv1 Wkhvh uhvxowv duh froohfwhg wrjhwkhu lq
Sursrvlwlrqv 4 dqg 5 ri wkh sdshu1
Ghulylqj vwurqj srolf| suhvfulswlrqv iurp vxfk d vlpsoh prgho zduudqwv d
4;qxpehu ri fdyhdwv1 Iluvwo|/ wkh uhvxow rqo| krogv iru d shuihfwo| frpshwlwlyh r￿0
vwuhhw pdunhw1 Lqghhg/ iru wkh fdvh ri dq r￿0vwuhhw prqrsrolvw/ wkh prgho fdq
eh xvhg wr vkrz wkdw wlph uhvwulfwlrqv fdq shuirup htxdoo| zhoo dv phwhu ihhv1
Zkhq r￿0vwuhhw sulfhv duh kljk uhodwlyh wr uhvrxufh frvw/ jryhuqphqw fdq vhw
phwhu ihhv kljkhu wkdq ohyho F1 Dw wkh pdujlq/ udlvlqj sulfhv lqgxfh ohvv gulyhuv
wr kdyh wr xvh wkh glvwruwhg r￿0vwuhhw pdunhw dqg uhgxfhv wrwdo vhdufk frvwv1
Krzhyhu/ wkh rswlpdo phwhu ihh zloo w|slfdoo| eh dw d ohyho lq zklfk doo gulyhuv
fkrrvh ohiw1 Wkhuhiruh erwk wlph uhvwulfwlrqv dqg phwhu ihhv zloo eh lghqwlfdo1
Vhfrqgo|/ wkh prgho dvvxphv lghqwlfdo lqglylgxdov1 Zh wklqn wkdw lq d pruh
frpsolfdwhg prgho/ zlwk frqvxphu khwhurjhqhlw|/ d vlplodu uhvxow zloo hphujh=
wkh prgho uhvxow lv gulyhq e| wkh gl￿huhqfh lq frqvxphu vxusoxv ehwzhhq d
txdqwlw| dqg sulfh lqvwuxphqw1
Wklugo|/ dv qrwhg deryh/ wkh udqgrp udwlrqlqj uxoh ljqruhv srwhqwldoo| lpsru0
wdqw pdujlqv ri gulyhu ehkdylrxu wkdw fdq eh xvhg wr lq xhqfh wkh suredelolw| ri
jhwwlqj d vsrw1 Iru lqvwdqfh/ vrph gulyhuv pd| duulyh hduolhu/ wkxv vxevwlwxwlqj
vfkhgxoh ghod| frvwv iru uhgxfhg h{shfwhg vhdufk frvwv1 Dowhuqdwlyho|/ gulyhuv
pd| eh deoh wr hqjdjh lq vrph frvwo| dfwlylw| wr dftxluh juhdwhu lqirupdwlrq
rq sdunlqj dydlodelolw|1 Dv d uhvxow/ wkh prgho lv suredeo| ehvw vxlwhg wr vwxg|
sdunlqj srolflhv iru xuedq duhdv frqfhqwudwlqj rq uhwdlo dqg ohlvxuh dfwlylwlhv
+udwkhu wkdq qrq0uhwdlo hpsor|phqw fhqwuhv,1
Irxuwko|/ zh dvvxph wkdw rq0vwuhhw vxsso| lv vx!flhqwo| vpdoo wkdw wkh wklug
fdvh lq vhfwlrq 6 lv uhohydqw udwkhu wkdq wkh vhfrqg fdvh1 Zh dujxhg deryh wkdw
wkh wklug fdvh lv prvw uhohydqw wr odujh xuedq duhdv1 Xqghu wkh vhfrqg fdvh/
doo shdn shulrg sdunlqj ghpdqg lv h!flhqwo| doorfdwhg wr wkh rq0vwuhhw pdunhw1
Wkh r￿0vwuhhw pdunhw lv qrw xvhg1 Dq rq0vwuhhw wlph uhvwulfwlrq ru d phwhu ihh
duh htxlydohqw dv wkh suredelolw| ri ￿qglqj d vsrw lv htxdo wr rqh1
Iliwko|/ zh kdyh devwudfwhg iurp lvvxhv wr gr zlwk hqirufhphqw ri rq0vwuhhw
sdunlqj1 Hqiruflqj dq| rq0vwuhhw sulfh lv frvwo|= li qr hqirufhphqw lv xvhg/
gulyhuv zloo fkrrvh wr sdun loohjdoo|1 Wkh h{suhvvlrq iru wkh rswlpdo rq0vwuhhw
ihh zloo uh hfw wklv frvw1 Dv qrwhg e| Hoolrw dqg Zuljkw ^:‘/ wkh ghflvlrq wr
sdun loohjdoo| pd| vorz grzq wkh sdunlqj zdughq/ e| uhtxlulqj wkh zulwlqj ri d
wlfnhw1 Wklv orzhuv wkh suredelolw| ri ehlqj fdxjkw iru rwkhu gulyhuv1 Wklv w|sh
ri h{whuqdolw| pd| eh lpsruwdqw1
Ilqdoo|/ zh ljqruh srwhqwldo frqvhtxhqfhviurp wkh idfw wkdw sdunlqj ghflvlrqv
duh wkh grpdlq ri xuedq jryhuqphqwv1 Lqfhqwlyhv pd| h{lvw wr udlvh uhyhqxh
iurp qrq0yrwlqj gulyhuv +vxfk dv orqj0glvwdqfh frppxwhuv ru wrxulvwv,/r uw r
ryhu0lqyhvw lq hqirufhphqw wr fdswxuh phwhu ihh uhyhqxhv udwkhu wkdq ulvn orvlqj
￿qh uhyhqxhv wr wkh fhqwudo jryhuqphqw1
Wklv vxjjhvwv wkdw dq lpsruwdqw uhvhdufk djhqgd uhpdlqv lq ghwhuplqlqj
ehwwhu sdunlqj srolflhv1
: Dsshqgl{
Wklv Dsshqgl{ frqwdlqv wkh surriv ri wkh Sursrvlwlrqv dqg Ohppdv frqwdlqhg
lq wkh sdshu1
4<:14 Surri ri Sursrvlwlrq 41
Ehjlq zlwk s{p ? s{p/ zkhuh s{p A 3 e| wkh *juhdwhu0wkdq* frqglwlrq lq +8,1
Wkh pdujlqdo ehqh￿w ri udlvlqj wkh rq0vwuhhw sulfh lv jlyhq e| wkh ghulydwlyh ri
















Wklv pdujlqdo ehqh￿w ixqfwlrq lv vwulfwo| srvlwlyh iru 3 ? s{p ￿ s{p li
s{p ?F 1 Ghulylqj wkh h{solflw vroxwlrq iru s{p/ lw lv fohdu wkdw s{p ?Fli
T{@Q?￿￿F
￿ zklfk lv wkh fdvh e| dvvxpswlrq1 Lw fdq eh vkrzq wkdw wkh zhoiduh
ixqfwlrq lv frqwlqxrxv dw wkh srlqw s{p1
Frqvlghu wkh pdujlqdo lqfuhdvh lq zhoiduh ri udlvlqj s{p zkhq s{p ￿ s{p ￿
s{p @ F1 Xvlqj +<,/ vxevwlwxwlqj iru QOp @ Q3




p @ T{ A 3
Ilqdoo|/ frqvlghu s{p As {p1 +qrwh wkdw wkh zhoiduh ixqfwlrq lv glvfrqwlqxrxv







1 Jlyhq wkh glvfrqwlqxrxv qdwxuh ri wkh zhoiduh ixqfwlrq dw
s{p @ s{p/ lw uhpdlqv wr frpsduh HZp+s{p, zlwk HZp+s{p . %,1 Xvlqj
h{suhvvlrq +<,/ lw lv gluhfw wr vkrz wkdw HZp+s{p, AH Z p+s{p . %,1 Khqfh
wkh rswlpdo ohyho ri rq0vwuhhw sulfhv lv jlyhq e| s￿
{p @ s{p @ F @ s￿
|1 Doo prgho
yduldeohv duh lghqwlfdo wr wkh fhqwudol}hg vroxwlrq1 THG1
:15 Surri ri Ohppd 41
Wklv surri iroorzv wkh vwuxfwxuh ri wkh surri ri Sursrvlwlrq 41 E| yluwxh
ri wkh juhdwhu0wkdq frqglwlrq lq h{suhvvlrq +8,/ s{u A 3/ dqg/ ixuwkhu/ lw fdq eh
vkrzq wkdw s{u AFli ￿AFdv dvvxphg1 Frqvlghu s{ ?s {u1 Ixuwkhu/ zh ehjlq
zlwk wkh fdvh wkdw rq0vwuhhw fdsdflw| lv uhodwlyho| vpdoo +QO+s{u, ?Q O+s{u, @
Q,1
Wkh pdujlqdo ehqh￿w ri udlvlqj wkh lpsolflw sulfh +orzhulqj wkh wlph uhvwulf0




5 ￿5￿g li f s{u ?s {u1 Wklv iroorzv iurp dvvxpswlrq +8,461
Qrz frqvlghu wkh pdujlqdo lqfuhdvh lq zhoiduh ri udlvlqj s{ zkhq s{u ￿
s{ ￿ s{u1 Wdnlqj wkh ghulydwlyh ri ^43‘ jlyhv wkdw HZ
3
u @ 31 Wkh ehqh￿wv
iurp uhgxfhg vhdufk frvwv +erwk yld lqgxflqj ohvv gulyhuv wr dwwhpsw wr sdun
46Dowkrxjk wkh juhdwhu0wkdq frqglwlrq rq rq0vwuhhw vxsso| lv uhtxluhg wr hqvxuh g R%o ￿R %o/
wklv fdq eh uhod{hg1 Vhh glvfxvvlrq dw hqg ri vhfwlrq 81
53rq0vwuhhw dqg e| uhgxflqj wkh qxpehu ri gulyhuv wkdw dwwhpsw exw idlo wr ￿qg
dv s r w , h{dfwo| r￿vhw wkh orvv lq zhoiduh iurp ryhu0xvh ri wkh rq0vwuhhw pdunhw1
Wkh qhw pdujlqdo h￿hfw lv }hur1 Ilqdoo|/ li s{ A s{u/ qr gulyhuv xvh wkh {
pdunhw1 Wkh lpsdfw ri d pdujlqdo lqfuhdvh lq wkh lpsolflw sulfh ri sdunlqj lv
wkhuhiruh }hur1 Pruhryhu/ lw fdq eh vkrzq wkdw wkh vrfldo zhoiduh ixqfwlrq lv






Frqvlghu wkh uhodwlyho| odujh fdsdflw| ri rq0vwuhhw vxsso|= QO+s{u, AQ O+s{u, @
Q1 Rq0vwuhhw vxsso| phhwv doo rq0vwuhhw ghpdqg dw sulfh h s = QO+h s, @ Q1 Iru
sulfh s{ ￿ h s/ wkh pdujlqdo zhoiduh iurp udlvlqj sulfhv lv jlyhq e| h{suhvvlrq +45,1
D orfdo rswlpxp h{lvwv li f s{u ? h s/ zklfk vxevwlwxwlrq ri whupv uhyhdov pxvw krog






￿ iurp h{suhvvlrq +44,1 Qrwh wkdw wkh
vrfldo zhoiduh ixqfwlrq lv frqwlqxrxv dw srlqw h s1




￿ ? 31 Wkh pdujlqdo ehqh￿w ri udlvlqj sulfhv deryh wkh srlqw s{u
lv fohduo| }hur dv iru wkh vpdoo fdsdflw| fdvh1 Wkh vrfldo zhoiduh ixqfwlrq fdq
dovr eh vkrzq wr eh frqwlqxrxv dw wkdw srlqw1 Khqfh wkh joredoo| rswlpdo sulfh
lv jlyhq e| s￿
{u @ ￿ ￿
t
+￿ ￿F,
5 ￿ 5￿g1 Ixuwkhu/ wklv krogv iru wkh fdvh ri
uhodwlyho| odujh dqg uhodwlyho| vpdoo rq0vwuhhw fdsdflw|1 THG1
:16 Surri ri Sursrvlwlrq 51
Iluvw/ zh suryh wkdw vrfldo zhoiduh lv orzhu wkdq wkdw dfklhyhg zlwk hlwkhu dq
rswlpdo phwhu ihh ru d fhqwudol}hg vroxwlrq1 Vxevwlwxwlqj wkh rswlpdo ydoxhv iru
s￿
{p dqg s￿
{u lqwr wkhlu uhvshfwlyh vrfldo zhoiduh ixqfwlrqv uhyhdov=
VZp ￿ VZu @ Qg￿ T{+f s{u ￿ F, +46,





+ f s{u ￿F,
+47,









+ f s{u ￿F,
dqg khqfh +47, lv vdwlv￿hg e| frqglwlrq +44,1 Khqfh +46, A 31
Vhfrqg/ zh suryh wkdw wkh jdlq lq zhoiduh iurp xvlqj phwhu ihhv udwkhu wkdq
wlph uhvwulfwlrqv lv lqfuhdvlqj lq sdudphwhu g1 Wkh ghulydwlyh ri +46, zlwk uhvshfw
wr g lv vwulfwo| srvlwlyh rqfh frqglwlrq +44, lv vdwlv￿hg1 THG1
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